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ABSTRACT
We construct a time-dependent relativistic accretion model for tidal disruption
events (TDEs) with an α−viscosity and the pressure dominated by gas pressure. We
also include the mass fallback rate ÛMf for both full and partial disruption TDEs, and
assume that the infalling debris forms a seed disc in time tc, which evolves due to
the mass addition from the infalling debris and the mass loss via accretion onto the
black hole. Besides, we derive an explicit form for the disc height that depends on
the angular momentum parameter in the disc. We show that the surface density of
the disc increases at an initial time due to mass addition, and then decreases as the
mass fallback rate decreases, which results in a decrease in the disc mass Md with a
late-time evolution of Md ∝ t−1.05 and Md ∝ t−1.38 for full and partial disruption TDEs
respectively, where t is the time parameter. The bolometric luminosity L shows a rise
and decline that follows a power-law at late times given by L ∝ t−1.8 and L ∝ t−2.3
for full and partial disruption TDEs respectively. Our obtained luminosity declines
faster than the luminosity inferred using L ∝ ÛMf . We also compute the light curves in
various spectral bands.
Key words: accretion, accretion discs – black hole physics – radiation: dynamics –
transients: tidal disruption events
1 INTRODUCTION
A tidal disruption event is a phenomenon where a star is
shredded into debris when the black hole’s tidal gravity ex-
ceeds the star’s self-gravity (Lacy et al. 1982; Rees 1988).
The critical radius below which TDE occurs is the tidal ra-
dius rt = (M•/M?)1/3R?, where M• is the black hole mass,
and M? and R? are the stellar mass and radius respectively
(Hills 1975; Frank & Rees 1976). The fraction of debris
bound to the black hole depends on the star’s orbital energy
and angular momentum before the disruption (Mageshwaran
& Mangalam 2015). The bound debris is assumed to follow
a Keplerian orbit and returns to the pericenter with a mass
fallback rate of ÛMf ∝ t−5/3, where t is the orbital period of
the debris (Phinney 1989; Lodato et al. 2009). The infalling
debris interacts with the outflowing debris resulting in the
exchange of the angular momentum leading to the circular-
ization and formation of an accretion disc (Shiokawa et al.
2015; Bonnerot et al. 2016). If the infalling debris loses its
energy and angular momentum on a timescale shorter than
the orbital period of debris, they are accreted on to the black
hole with the mass accretion rate equal to the mass fallback
rate, and thus the luminosity is then given by L ∝ ÛMf ∝ t−5/3
(Li et al. 2002; Lodato et al. 2009).
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Lodato et al. (2009) developed the mass fallback model
for the tidal disruption of stars with zero stellar rotation. Go-
lightly et al. (2019) included the stellar rotation and found
that the prograde stellar spin increases the peak of mass
fallback rate whereas the retrograde stellar spin decreases
the peak of mass fallback rate. The late time evolution of
mass fallback rate is close to t−5/3 evolution. Guillochon &
Ramirez-Ruiz (2013) studied through numerical simulation
the variation in mass fallback rate with penetration factor
β = rt/rp, where rp is the pericenter of the stellar orbit.
They found that there is a critical βd such that the stars
are fully disrupted if β > βd and for a polytropic star,
βd ∼ 0.9 (Γ = 5/3) and 2.0 (Γ = 4/3), where Γ is the poly-
trope index. For partial disrupted TDEs (β < βd), the mass
fallback rate declines faster than t−5/3 and the declining rate
varies with β. In partial TDEs, the fraction of star mass that
forms the surviving core has an impact on the mass fallback
rate. Coughlin & Nixon (2019) constructed the mass fallback
model from the Lagrangian dynamics and showed that the
late time decline of mass fallback rate increases with an in-
crease in the core mass. We use this simple model of partial
TDEs in constructing our accretion dynamics with fallback.
A TDE provides an excellent opportunity to study the
accretion phenomenon. A non-relativistic steady accretion
model for TDE was constructed by Strubbe & Quataert
(2009) with a mass accretion rate that follows the mass
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fallback rate. They also constructed a model for spherical
outflows for a super-Eddington disc where the ratio of mass
outflowing rate to mass accretion rate is constant. However,
Mageshwaran & Mangalam (2015) included the time-varying
ratio of mass outflowing rate to mass accretion rate obtained
using the simulation results of Dotan & Shaviv (2011). Shen
& Matzner (2014) constructed a model of a TDE disc with
and without fallback from the disrupted debris. They de-
veloped a self-similar structure of a non-radiative, advective
disc with an outflowing wind and used the self-similar solu-
tion of Cannizzo et al. (1990) for a radiative thin disc with
the constant total angular momentum. The self-similar solu-
tion of Cannizzo et al. (1990) results in bolometric luminos-
ity L ∝ t−1.2 and hence show a slower decline than t−5/3 evo-
lution. A time-dependent accretion model with a mass fall-
back and β−viscosity was constructed by Montesinos Armijo
& de Freitas Pacheco (2011), and they showed that the lu-
minosity follows t−5/3 dependence at late times.
The ratio of tidal radius to black hole horizon
(rH ∝ GM•/c2) is given by rt/rH ∝ M−2/3• , and thus the rel-
ativistic effects can be significant for the higher mass black
holes. The relativistic accretion model is also important in
understanding the effect of black hole spin on TDE light
curves. Balbus & Mummery (2018) constructed a relativis-
tic thin disc model for TDEs with a viscous stress func-
tion of radius and showed that the increase in black hole
spin increases the luminosity declining rate. The obtained
late time luminosity declining rate is given by L ∝ tn with
n ∈ {−1, 0}. Using an α−viscosity to derive the viscous stress
that depends on both surface density and radius, Mummery
& Balbus (2019) obtained n = −1.14 for a Thompson opacity
and n = −1.25 for a Kramers opacity, which are close to the
solution of Cannizzo et al. (1990). These models have as-
sumed that all the bound debris has formed an initial Gaus-
sian disc which evolves due to the viscosity. Curd & Narayan
(2019) performed a GRMHD simulation to study the post-
fallback super-Eddington accretion disc and showed that the
non-jetted TDEs have optical/UV emissions from the torus,
while the emission from heated wind peaks in UV/Soft X-
rays. These accretion models have not included the effect of
infalling debris on the accretion disc.
We construct a time-dependent relativistic accretion
model with a source term due to the mass fallback at a con-
stant outer radius, which provides a continuous mass sup-
ply (a similar assumption was considered for non-relativistic
disc by Montesinos Armijo & de Freitas Pacheco (2011)). We
consider a thin disc in the equatorial plane with an angu-
lar momentum of a circular orbit. The viscosity is assumed
to be an α−viscosity given by ν = αcsH, where α is a con-
stant, cs is the sound speed and H is the disc height. We
consider the pressure in the disc to be dominated by the
gas pressure and using energy conservation, we derive the
viscous stress. We assume that the infalling debris forms a
seed accretion disc that evolves due to both mass fallback
rate and viscous accretion onto the black hole. The time for
the formation of an initial disc is taken to be a free param-
eter and is constrained by α. We derive an explicit form for
the vertical height which depends on the angular momen-
tum and the radial velocity in the disc, and reduces to the
result of Shakura & Sunyaev (1973) in the non-relativistic
limit. We self-consistently obtain the initial and boundary
conditions for the disc. We construct the accretion model for
both full and partial disruption TDEs. Our solution satis-
fies the thin structure assumption and the luminosity shows
a rise and decline. The late-time evolution of luminosity is
roughly L ∝ t−1.8 for full disruption TDEs and L ∝ t−2.3
for partial disruption TDEs. The luminosity decline in our
model is sharper than that obtained from an accretion model
without fallback by Mummery & Balbus (2019).
In section 2, we review the TDE disruption dynamics
and discuss the mass fallback rate for both full and par-
tial disruption TDEs. We also discuss the circularization
timescale and radius. Section 3 presents our time-dependent
accretion model where the basic assumptions and conditions
are discussed. The detailed derivation of mass and momen-
tum conservation equations are given in appendix A. The
evolution of the surface density obtained by solving the ac-
cretion dynamics and the corresponding evolution in disc
mass and luminosity is shown in section 4. We discuss our
results and their implications in section 5. A summary of
the paper and the conclusions are presented in section 6.
2 TDE DISRUPTION DYNAMICS
As the star enters in the tidal sphere, the black hole’s tidal
force exceeding the star’s binding energy break the star and
the star’s fluid elements move on geodesic trajectories where
the bound debris returns to the tidal radius following an or-
bit. Stone et al. (2013) showed that the debris energy freezes
in at the tidal radius rather than the pericenter which is
also confirmed through numerical simulation by Guillochon
& Ramirez-Ruiz (2013). We consider the stellar orbital peri-
center rp = rt = (M•/M?)1/3R? in our calculations, and the
debris returns to the pericenter following an orbit. We con-
sider an impulse approximation where the star is assumed
to be frozen until it reaches the pericenter where a short du-
ration impulse of tidal potential disrupts the star (Lodato
et al. 2009). The mass fallback rate of the debris depends
on the black hole mass, star mass, the fraction of star mass
bound to the black hole and the stellar rotation. For a star
on a parabolic orbit, half of the star mass is bound to the
black hole if the star is completely disrupted (Rees 1988).
For a partial TDE, the amount of bound debris depends
on the surviving core mass which also affects the late time
power-law decline of mass fallback rate.
We consider three mass fallback models given by MFR1,
MFR2 and MFR3. The stars experience a full disruption in
models MFR1 and MFR2. In MFR1, the stars have zero stel-
lar spins at an initial time and the tidal interaction spin-up
the stars, whereas in MFR2, the stars have non-zero stel-
lar spin which may be prograde or retrograde and the tidal
spin-up is neglected. The stars experience a partial disrup-
tion in MFR3 where the mass of surviving core affects the
late time decline in the mass fallback rate. Next, we present
the mass fallback rate for various TDE scenarios.
2.1 MFR1: full disruption of a star
We assume that the centre of star follows a nearly parabolic
orbit and is disrupted at the pericenter rp taken to be rt .
The specific energy of the disrupted debris is governed by
the variation of the black hole potential across the star and
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the tidal spin-up of the star as a result of the tidal interac-
tion. The spin-up of a star due to the tidal interaction is a
complex process (Kochanek 1992) and depends on the stellar
structure. Alexander & Kumar (2001) through a linear per-
turbation theory showed that the spin-up angular velocity
(ωs) via tidal interaction for a solar mass main-sequence star
with a polytrope of 1.5 is ωs ≈ 0.86ωp, where ωp is the an-
gular velocity of the star at the pericenter. They also showed
via numerical simulations that the nonlinear effects lead to a
larger energy transfer from the orbit to the star and a larger
spin-up (ωs ≈ ωp) than predicted by linear theory. By in-
cluding the tidal interaction, Li et al. (2002) formulated the
energy of the disrupted debris given by Ed = −kGM•∆R/r2t ,
where the tidal spin up factor is k = 1 for no tidal spin up
and k = 3 for tidal spin up. In the non-relativistic limit,
the debris follows a Keplerian orbit and the time period of
innermost debris is given by (Rees 1988)
tm = 40.8 days M1/26 m
1/5k−3/2, (1)
where M6 = M•/[106M], m = M?/M and the radius of
star R? = Rm0.8 (Kippenhahn & Weigert 1994). The mass
fallback rate is given by (Phinney 1989)
ÛMf = 13 (2piGM•)
2
3
dM
dEd
t−
5
3 , (2)
where M is the debris mass with energy Ed. The dM/dEd
depends on the density distribution within the star and fol-
lowing an impulse approximation (Lodato et al. 2009), it is
given by
dM
dEd
=
M?r2t
kGM•R?
2pib
∫ 1
x
θu(x′)x′ dx′, (3)
where θ(x) is the solution of Lane-Emden equation for a
polytropic index Γ = 1+1/u, b is the ratio of central to mean
density of the star (Chandrasekhar 1943) and x = ∆R/R? =
τ−2/3 with τ = t/tm. Thus, the mass fallback rate is given by
ÛMf = 4pib3
M?
tm
τ−5/3
∫ 1
x
θu(x′)x′ dx′. (4)
The integral is nearly constant at late times and thus the
mass fallback rate follows t−5/3 decline. We include the tidal
spin up contribution by taking k = 3 and the polytropic
index Γ = 5/3 that results in u = 3/2. The relativistic effect
of black holes may have an impact on the mass fallback rate.
Kesden (2012) studied the relativistic effect on the mass
fallback rate and found that the peak mass fallback rate in-
creases by a factor of two with an increase in the black hole
spin. The late-time evolution of the mass fallback rate is
similar to the equation (4). A similar study for TDE by
a Schwarzschild black hole is done by Cheng & Bogdanovic´
(2014) and showed that the late time profile for the main se-
quence star is close to the Newtonian t−5/3 law. A relativis-
tic smoothed particle hydrodynamic simulation by Gafton
& Rosswog (2019) showed that the disrupted debris in deep
encounters (pericenter is at a few event horizon radii) ex-
periences strong precessions and the fluid can be launched
into a plunging orbit that results in a decrease in the fall-
back rate. Thus, the relativistic effects have an impact on
the peak mass fallback rate but the late time profile is simi-
lar to a Keplerian rate. Here, we do not consider the TDEs
with deep encounters, and assume the mass fallback rate
given by equation (4) in our calculations, as the relativistic
effects have a small contribution to the mass fallback rate.
2.2 MFR2: full disruption of a star with stellar
rotation
In the previous section 2.1, we have not included the ef-
fect of initial stellar rotation on the mass fallback. Golightly
et al. (2019) have shown that the peak of mass fallback rate
increases for a prograde stellar spin and decreases for a ret-
rograde stellar spin. We use their impulse approximation
model to obtain the mass fallback rate. If the stellar spin is
along the z-direction, the energy of the disrupted debris is
given by Golightly et al. (2019)
Ed = −(1 +
√
2λ)GM•∆R
r2t
, (5)
where the stellar rotation frequency Ω = λ
√
GM?/R3? and λ
is taken to be a constant. The positive Ω corresponds to an
alignment between the orbital angular momentum vector of
the stellar centre of mass and the angular velocity of the star.
Following a Keplerian orbit, the time period of innermost
debris is given by
tm = 40.8 days (1 +
√
2λ)−3/2M1/26 m1/5. (6)
Thus, for a prograde stellar spin, the energy of the debris
increases which increases the peak of mass fallback rate. Fol-
lowing the procedure similar to that in section 2.1, the mass
fallback rate is given by equation (4), where tm is given by
equation (6).
2.3 MFR3: partial disruption of a star
In the previous sections (2.1, 2.2), we assume that the star
is completely disrupted. However, in certain cases, a star
can be partially disrupted where the surviving core induces
an additional potential to the debris orbit and results in
a power-law decline steeper than that for full disruption.
Guillochon & Ramirez-Ruiz (2013) through numerical sim-
ulations showed that the late time evolution of mass fallback
rate for a partial TDE is ∼ t−2.2. Coughlin & Nixon (2019)
developed a model using Lagrangian dynamics for the fall-
back of tidally disrupted debris from a partial TDE and they
obtained the late time mass rate to be ÛMf ∝ tn∞ , where n∞
in case of µc ≤ 10−5 is given by
n∞ = −2.257 − 0.690µ1/3c + O(µ2/3c ), (7)
where µc = Mc/M• = 10−6(Mc/M?) m M−16 and Mc is the
mass of the surviving core. The dependence of n∞ on the
core mass is weak as µc ∼ 10−6 and decreases with an in-
crease in the black hole mass. The µc increases with the
stellar mass but is still small. Hence, the first term in equa-
tion (7) dominates and the n∞ ∼ −2.26 ∼ −9/4. The ap-
proximated late time evolution of the mass fallback rate is
ÛMf ∝ t−9/4. We follow the method outlined in Coughlin &
MNRAS 000, i–xix (2020)
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Figure 1. (a) The mass fallback rate obtained for a partial TDE
with black hole mass given by M• = 106M, star mass given
by M? = M and for various values of the core mass Mc is
shown. The gray and magenta dashed lines correspond to the
late time evolution of t−5/3 and t−9/4 respectively (Coughlin &
Nixon 2019). The Eddington mass accretion rate (black dashed
line) is calculated for a radiative efficiency of 0.1. (b) The time
evolution of power-law index of the mass fallback rate given by
n = d ln( ÛM f )/d ln(t) is shown for the mass fallback rate given in
(a). The black dashed line corresponds to n∞ ∼ −9/4. See section
2.3 for more details.
Nixon (2019) to calculate the mass fallback rate. The mass
fallback rate obtained is shown in Fig. 1a and the time evo-
lution of power-law index of the mass fallback rate given by
n = d ln( ÛMf )/d ln(t) is shown in Fig. 1b. The n ≈ n∞ ∼ −9/4
at late times implies the fallback rate is ÛMf ∝ t−9/4.
The disrupted debris circularizes to form an accretion
disc and the outer radius of the formed disc is taken to
be the circularization radius. For a star on a parabolic or-
bit, the specific angular momentum at the pericenter is
J =
√
2GM•rt , and the specific angular momentum for a cir-
cular orbit is Jc = r2ω =
√
GM•rc , where ω =
√
GM•/r3c is
the Keplerian angular frequency and rc is the circulariza-
tion radius. By conserving the specific angular momentum
of the debris, the circularization radius is rc = 2rt (Ulmer
1999; Strubbe & Quataert 2009), and is used by Montesinos
Armijo & de Freitas Pacheco (2011) as the outer radius to
construct their time-dependent accretion model. Bonnerot
et al. (2016) showed through numerical simulation around a
non-rotating black hole for a full disruption TDE that the
debris stream circularizes to form a narrow ring at rc which
may be greater than 2rt if there is an exchange in angular
momentum during circularization and the time for circular-
ization is 1 − 10 times the orbital period of the star. A nu-
merical simulation around rotating black holes by Hayasaki
et al. (2016) showed that the circularization time increases
with an increase in the black hole prograde spin and the
circularization radius is close to the Newtonian radius rc .
An increase in the angular momentum exchange rate due
to stream interactions could lead to a higher circularization
radius. Since the outer radius of the formed disc is close to
rc = 2rt , and to avoid ambiguity in calculating rc , we con-
sider rc = 2rt as the constant outer radius in our calculation
where the infalling mass is added to the disc. The effect of a
surviving core in a partial TDE on the circularization of the
debris is uncertain. So, for the simplicity, we assume that the
debris circularizes similar to that for full disruption TDEs
with the circularization radius rc = 2rt . In the next section,
we discuss our relativistic accretion model.
3 ACCRETION DISC DYNAMICS
We transform the metric in Boyer-Lindquist coordinate
{t, r, θ, φ} to a cylindrical coordinate {t, R, φ, z}, using
z = r cos θ and R = r sin θ, and solve the mass and mo-
mentum conservation equations. Balbus & Mummery (2018)
have also considered the cylindrical coordinate to construct
their accretion model without a fallback. In our accretion
model, we are taking the vertical flow to be zero and this
assumption is simple to apply for equations in the cylindrical
coordinate. The mathematical derivation of the equations is
given in appendix A. We employ their reduced form near
the equatorial plane, as the disc equations involve vertically
averaged quantities since the disc we are considering is not
thick. It is also simple to derive an explicit form for the disc
height using the vertical momentum equation in cylindri-
cal coordinate. The time evolution of surface density Σ for a
thin disc (H/R  1, where H is the disc height) with circular
angular momentum is given by
∂Σ
∂t
=
c
GM•Rg
∆
1/2
k
A1/2
k
1
γL
∂
∂x
[(
∂`K
∂x
)−1 ∂
∂x
(
xS¯Rφ
)]
, (8)
where x = R/Rg, Rg = GM•/c2, ∆k = x2 − 2x + j2, Ak =
x4 + x2 j2 + 2x j2, angular momentum L = `(GM•/c), j is the
black hole spin, `K is dimensionless angular momentum of
a circular orbit, and the vertically averaged viscous stress
tensor is
S¯Rφ = −Rg
(
GM•
cR2g
)
νΣ
∆
1/2
k
A3/2
k
γ3
L
x5
∂ω1
∂x
, (9)
where ω1 is given by equation (A48). In a thin disc geometry,
we assume that the velocity is dominated by azimuthal flow
which is subsonic, and the radial velocity defined in a co-
rotating frame (Abramowicz et al. 1996), V  1, such that
the equation (A49) reduces to γ2L = 1+ x
2`2/Ak . The angular
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momentum of a circular orbit is given by (Bardeen et al.
1972)
`K = ± x
2 ∓ 2 j√x + j2
x3/4(x3/2 − 3√x ± 2 j)1/2 , (10)
and its derivative is given by
∂`K
∂x
=
(x2 − 6x ± 8 j√x − 3 j2)( j ± x3/2)
2x7/4(x3/2 − 3√x ± 2 j)3/2 , (11)
where the upper sign is for prograde orbits and the lower sign
represents retrograde orbits. We solve the vertical momen-
tum equation neglecting any force due to radiative energy
flux and after vertical integration, the height of the disc is
given in appendix A4 and in terms of dimensionless variables
in equation (A55). Using `K from equation (10), the height
of the disc is given by
H =
(
Rg
c
)2 2P
Σ
x3
[
1 − 3
x
± 2 j
x3/2
] [
1 ∓ 4 j
x3/2
+
3 j2
x2
]−1
. (12)
For a non-rotating black hole, spin j = 0, which results in
H = (Rg/c)2(2P/Σ)x3(1 − 3/x) and for x  3, it results in
H = (Rg/c)2(2P/Σ)x3. The speed of sound is given by cs =√
P/ρ = √2HP/Σ, and by incorporating P/Σ, it reduces to
cs = H
√
GM•/R3, which is the solution for a non-relativistic
thin disc (Shakura & Sunyaev 1973; Frank et al. 2002).
The viscous stress in the accretion disc results in heat-
ing of the disc. The viscous process in the disc leads to an
exchange of the angular momentum and thus an inflow of
matter leading to accretion by black holes, and the viscous
mechanism in the accretion disc is affected by the pressure
in the disc. The dominant form of viscosity in the disc is
an α−viscosity which is due to local turbulence and for a
subsonic flow, it is given by ν = αcsH. Assuming a non-
relativistic fluid approximation where the internal energy is
neglected compared to the fluid mass energy (Abramowicz
et al. 1996), and the flows are subsonic, the dissipation rate
Q+ along the equatorial plane after vertical integration is
given by
Q+ =
G2M2•
c2R4g
γ4LA
2
k
x6
(
∂ω1
∂x
)2
νΣ. (13)
The heat generated via viscous heating is emitted as radi-
ation with flux Q− = Q+, where the radiative flux Q− =
8σSBT4/(3κΣ) (Frank et al. 2002), where σSB is the Stefan-
Boltzmann constant and κ is the opacity in the medium
which is taken to be the Thomson opacity given by κ =
0.34 cm2 g−1. We assume the pressure in the disc to be the
gas pressure P = kBρT/(µmmp), where kB is the Boltzmann
constant, µm is the mean molecular weight taken to be ion-
ized solar mean molecular weight of 0.65, mp is the mass of
a proton and T is the temperature in the disc. Following the
energy conservation and an α−viscosity, the pressure in the
disc is given by
P =
1
2
(
3κ
8σSB
) 1
6
(
kB
µmmp
) 2
3
(
c
Rg
) 5
6
(
GM•
cR2g
) 1
3
α
1
6
γ
2/3
L
A1/3
k
x
 ∂ω1∂x  13
χ1(x, j)
5
12 Σ
4
3 , (14)
where χ1(x, j) = x−3
[
1 ∓ 4 j
x3/2
+
3 j2
x2
] [
1 − 3
x
± 2 j
x3/2
]−1
. Us-
ing equation (12), the disc height is given by H ∝ Σ1/3 and
thus decreases with a decrease in the surface density.
Using the pressure given by equation (14), the disc
height given by equation (12) and the α−viscosity, the vis-
cous stress S¯Rφ using equation (A40) is given by
S¯Rφ = −Sc g(x) Σ5/3, (15)
where
Sc = Rg
(
c
Rg
)− 43 (GM•
cR2g
) 5
3 ( 3κ
8σSB
) 1
3
(
kB
µmmp
) 4
3
α
4
3 ,(16)
g(x) =
∆
1/2
k
A13/6
k
γ
13/3
L
χ
−2/3
1
x7
 ∂ω1∂x  23 ∂ω1∂x . (17)
By substituting the viscous stress given by equation (15) in
equation (8), the surface density evolution is given by
∂Σ
∂t
= − c Sc
GM•Rg
Y1
∂
∂x
[
Y2
∂
∂x
(
Y3Σ
5/3)] , (18)
where Y1 = ∆
1/2
k
/[γLA1/2k ], Y2 = (∂`K/∂x)−1 and Y3 = x g(x).
Our considered disc has a mass supply from the infalling
debris at the outer radius, which is taken to be the circu-
larization radius, and in the next section, we present our
methodology to incorporate this mass addition to the disc.
3.1 Disc with mass supply
The debris of a tidally disrupted star returns to the peri-
center following a Keplerian orbit with a mass fallback rate
given by equation (4) for a full disruption TDE (section 2.1)
and the mass fallback rate for a partial TDE is discussed
in section 2.3. If t = 0 is the moment of disruption, the
mass fallback of innermost bound debris occurs at a time
t = tm, where tm in case of full disruption TDEs is given by
equations (1, 6) for mass fallback models MFR1 and MFR2
respectively and is obtained numerically for partial disrup-
tion TDEs. The infalling debris forms an initial accretion
disc in time tc with disc mass Md(tc) =
∫ tc
tm
ÛMf dt. The evo-
lution of the formed disc is governed by both accretion onto
the black hole and the mass addition at the constant outer
radius. The surface density of the formed disc is assumed to
be Gaussian and is given by
Σi ≡ Σ(tc, x) = Σ0 exp
[
−(x − xc)
2
$
]
, (19)
where
√
$ is the full width half maximum of the distribution,
Σ0 is the constant and xc = rc/Rg. The area of disc in {R, φ}
plane is given by dA = √gRRgzzdRdφ, and from the equations
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(A6, A8) calculated at the equatorial plane, we have dA =
R2g
√
Ak/∆kdxdφ. By integrating equation (19) and equating
with the disc initial mass Md(tc), we obtain
Σ0 =
Md(tc)
2piR2g I(xin, xc, $)
, (20)
I(xin, xc, $) =
∫ xc
xin
exp
[
−(x − xc)
2
$
] √
Ak
∆k
dx, (21)
where xin = Rin/Rg, Rin = RgZ( j) is the innermost stable
circular orbit, and Z( j) is given by (Bardeen et al. 1972):
Z( j) = 3 + Z2( j) −
√
(3 − Z1( j))(3 + Z1( j) + 2Z2( j)), (22)
where
Z1( j) = 1 + (1 − j2)
1
3
[
(1 + j) 13 + (1 − j) 13
]
(23a)
Z2( j) =
√
3 j2 + Z1( j)2. (23b)
The mass accretion rate is given by ÛM = −2picRgΣV
√
∆k
(Curd & Narayan 2019), and using equation (A61), we have
ÛM = −2pic Rg Sc
GM•
Y2
∂
∂x
(
Y3Σ
5/3) . (24)
We assume the mass accretion rate at the outer radius to
be equal to the mass fallback rate and to avoid any discon-
tinuity in surface density due to mass addition, we consider
the derivative of surface density at the outer radius to be
∂Σ/∂x |xc = 0. These conditions ensure that the accretion
disc at the outer radius evolves smoothly. Then, using equa-
tion (24), the surface density at the outer radius at any time
t is given by
Σc(t) =
[
− ÛMf (t) c
2piSc(Y2∂xY3)xc
]3/5
. (25)
The surface density of the formed disc at outer radius is
Σi(xc) = Σ0 and by equating it with equation (25) at time
tc , we get Σ0 = Σc(tc). Using equation (4) of full disruption,
the surface density of the disc at outer radius decreases as
t−1 at late times. We have $ and Sc as the two unknown
parameters, and the equations (20, 25) give us a relation
between them that is given by
S3/5c =
2piR2g
Md(tc)
I(xin, xc, $)
[
−c ÛMf (tc)
2pi(Y2∂xY3)xc
]3/5
. (26)
The surface density given by equation (19) needs to satisfy
the surface density evolution equation, and thus by substi-
tuting equation (19) in equation (18) and using equation
(26), we obtain at x = xc ,
3
5
Md(tc)
ÛM2
f
(tc)
(
∂ ÛMf
∂t
)
tc
=
I(xin, xc, $)
(Y2∂xY3)xc
Y1(xc)
[
∂
∂x
(
Y2
∂Y3
∂x
)
xc
−
10
3$
Y2(xc)Y3(xc)
]
. (27)
By solving equation (27) for a given tc , we obtain $ which
results in Sc using equation (26). The Sc is a function of
black hole mass and α as can be seen from equation (16) and
using the obtained Sc , we get α. Thus, we self-consistently
obtain the initial width of the disc and the constant α which
gives us the pressure and viscosity. The α−viscosity requires
α ≤ 1 and this condition gives a constrain on tc . We take
only those tc for which α ≤ 1. With the initial condition
given by equation (19) and the boundary conditions at the
outer radius given by ∂Σ/∂x |xc = 0 and Σc(t), we solve the
evolution equation (18) to obtain the surface density.
The heat generated due to viscosity is emitted as ra-
diation with flux Q− = Q+, where Q+ is given by equa-
tion (13) and the effective temperature of the disc is given
by Teff = (Q−/σSB)1/4. The mean effective temperature ob-
tained by integrating over disc radius is given by 〈Teff〉 =∫
Teff dA/
∫
dA, where dA is given below equation (19). We
do not consider a complicated radiative transfer model and
assume a simple disc blackbody approximation to calculate
the luminosity. The bolometric luminosity is given by
L(t) = 2piR2g
(
c
Rg
) 4
3
(
3κ
8σSB
) 1
3
(
kB
µmmp
) 4
3
α
4
3 ·∫ xc
xin
γ
16/3
L
A19/6
k
χ
−2/3
1 (x, j)
x8∆1/2
k
 ∂ω1∂x  83 Σ5/3 dx. (28)
The relativistic effects dominate close to the inner radius
and for an extended disc, most of the emissions are from
the Newtonian disc region. To obtain the spectral evolution
in various bands, we follow the blackbody Planck function
and integrate it over the disc radius and frequency bands.
In the next section, we show our results for various physical
parameters.
4 RESULTS
The accretion disc model we have discussed in the previous
section has free parameters that are black hole mass M•
and spin j, stellar-mass M? and spin fraction constant λ,
and circularization time tc . We now present the results of
our modelling for the three mass fallback rates discussed in
section 2.
4.1 MFR1: full disruption of a star
In case of full disruption of stars and the mass fallback
given by MFR1 (section 2.1), we name the prior parame-
ter set to be MI given by {M6, m, j} = {1, 1, 0.5}, where
M6 = M•/[106M] and m = M?/M. This results in an outer
radius xc = 90.7 and the orbital period of innermost bound
debris tm = 7.86 days. We have presented in section 3.1 that
the value of α depends on tc and we have shown in Fig 2 that
α decreases with tc . Thus, there is a critical value of tc given
by tcr corresponding to α = 1 and the model is valid only for
tc > tcr. The critical time tcr varies with black hole mass and
star mass. For the parameter set MI, we take tc/tm = 8 which
results in tc = 62.8 days. The time evolution of the surface
density in the disc is shown in Fig. 3, where it increases with
time initially and then decreases. The height to radius ratio
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of the disc is shown in Fig. 4 and the H/R  1 satisfies our
initial assumption of thin disc considered to derive the equa-
tion (8). The time evolution of disc mass is shown in Fig. 5
and the late time evolution is given by Md ∝ tp, where p =
−1.05 (blue), −1.04 (red), −1.1 (orange), and −1.043 (purple).
The effective temperature and the mean effective tempera-
ture of the disc are shown in Fig. 6. The effective tempera-
ture peaks close to the inner radius and increases at an initial
time due to an increase in the surface density and decreases
later. The mean temperature shows a rising and a declining
phase which implies that the bolometric luminosity increase
and then decreases at later times.
The luminosity obtained using equation (28) is shown
in Fig. 7. The luminosity increases reaching a peak value
and then decreases with a late time profile given by L ∝ tn
where n ∼ −1.85 as can be seen from Table 1. For the lu-
minosity shown in Fig 7, the time evolution of n is shown
in Fig 8. The n decreases to attain a steady value at late
times which is lower than n = −5/3 implying that the lu-
minosity declines faster than t−5/3 at late times. The initial
phase of the bolometric luminosity is affected by a change
in the physical parameters, however, the late time profile
shows weak changes (L ∝ tn). The outer radius of the disc
increases with an increase in the black hole mass. The in-
crease in black hole mass increases the orbital period of the
debris as can be seen from equation (1). The viscous heating
in the disc given by Q+ ∝ νΣ/M2• ∝ α4/3Σ5/3/M4/3• decreases
with an increase in the black hole mass leading to a decrease
in the luminosity as can be seen from Fig. 7a. For a star on a
parabolic orbit, half of the debris is bound to the black hole
after the disruption and with an increase in stellar mass m,
the mass fallback rate increase as ÛMf ∝ m4/5 (equation 4).
This results in an increase in the surface density and thus in-
creases the disc luminosity (see Fig. 7b). The black hole spin
j has a dominant effect close to the inner radius of the disc.
The inner radius decreases with an increase in the prograde
black hole spin which makes the disc more relativistic. The
peak of the bolometric luminosity increases with an increase
in j (see Fig. 7c), but n at late times shows weak changes.
Thus, we conclude that the peak luminosity is affected by
the variations in the parameter values, but the late time
profile shows minute variations and decreases faster than
L ∝ ÛMf ∝ t−5/3. Following a blackbody disc approximation,
the luminosity in optical (U, B and V bands), UV (Swift
UVM2 and UVW2 bands) and X-ray bands are shown in
Fig. 9 for the parameter set given by MI. The declining rate
of X-ray luminosity is higher than that of optical and UV.
If we approximate the late time profile of V, UVW2 and
X-ray bands by a power-law time evolution, we obtain the
luminosity LV ∝ t−0.48, LUVW2 ∝ t−0.6, and LX−ray ∝ t−3.2.
4.2 MFR2: full disruption of a star with stellar
rotation
In this case of full disruption of stars and the mass fall-
back given by MFR2 (section 2.2) that includes the ini-
tial stellar rotation, we name the prior parameter set to
be MII given by {M6, m, j, } = {1, 1, 0.5}. This results
in an outer radius xc = 90.7. We consider the stellar spin
fractions: λ = (0, ± 0.1, ± 0.2), where the positive sign
corresponds to prograde spin and the negative sign is for
0 5 10 15 20
0.1
1
10
100
tc (tm)
α {1, 1, 0}
{1, 10, 0.5}
{10, 1, 0.5}
{1, 1, 0.5}
{ M6, m, j }
Figure 2. The evolution of α as a function of tc for the mass
fallback rate given in model MFR1 (section 2.1). The blue and
the green lines are overlapping which implies that α shows an
insignificant variation with black hole spin j. The thin disc model
with an α−viscosity is valid only if α ≤ 1. See section 4.1 for
details.
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Figure 3. The time evolution of surface density obtained by solv-
ing equation (18) for the mass fallback model MFR1 (section 2.1)
and the parameter set MI (section 4.1) is shown as contour plot
in (a) and for various times in (b). The normalizing constant
Σ0 = 1.0 × 106 g cm−2 and tm = 7.82 days. The circularization time
is taken to be tc = 8tm. See section 4.1 for details.
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Figure 4. The time evolution of the disc height (H) is shown
at various times for the mass fallback model MFR1 (section 2.1)
and the parameter set MI (section 4.1). The normalizing constant
tm = 7.82 days and the H/R  1 fulfills our initial assumption of
thin disc (section 3). For each curve in Fig. 3b, the radius profile
of H/R is given. The disc height H ∝ Σ1/3, and thus a decrease
in the surface density with time results in a decrease in the disc
height. See section 4.1 for details.
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Figure 5. The time evolution of the disc mass is shown for the
mass fallback model MFR1 (section 2.1). The blue line represent
the parameter set MI (section 4.1) whose surface density evolution
is shown in Fig. 3. The physical parameter that varies with red,
orange and purple lines are M6 = 10, m = 10 and j = 0 respectively.
While changing one parameter, we have kept all other parame-
ters same that take the values of parameter set MI. The critical
time corresponding to α = 1 varies with black hole mass and star
mass as can be seen from Fig 2. Taking in account α < 1, we take
tc (tm) = 8 (blue and purple curves), 10 (red curve), 13 (orange curve).
The late time evolution of disc mass is Md ∝ tp where p =
−1.05 (blue), − 1.04 (red), − 1.1 (orange), and − 1.043 (purple). See
section 4.1 for details.
a retrograde spin. The orbital period of innermost bound
debris for these λ and the parameter set MII is obtained
using equation (6) and have values tm = 40.8 days (λ =
0), 33.5 days (λ = 0.1), 28.1 days (λ = 0.2), 51.4 days (λ =
−0.1), 67.3 days (λ = −0.2). The α decreases with tc as shown
in Fig. 10 and the critical time tcr corresponding to α = 1
is given by tcr = 167.8 days (λ = 0, black line), 146 days (λ =
0.1, blue line), 129.3 days (λ = 0.2, red line), 197.4 days (λ =
−0.1, orange line), 239.6 days (λ = −0.2, green line). Thus, the
critical time decreases for the prograde spins and increases
for the retrograde spins.
For a given value of stellar spin fraction λ, the energy
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Figure 6. The time evolution of the effective temperature ob-
tained for the mass fallback model MFR1 (section 2.1) and the
parameter set MI (section 4.1) is shown in (a) and the mean ef-
fective temperature obtained by integrating over disc is shown in
(b). The orbital time period of innermost debris is tm = 7.82 days
and the corresponding surface density is shown in Fig. 3. The
late time evolution of disc mean temperature is 〈Teff 〉 ∝ t−0.43. See
section 4.1 for details.
of the disrupted debris is Ed ∝ M•∆R/r2t (see equation 5)
which is similar to that for full disruption of a star with
zero initial stellar rotation (section 2.1). The dependence of
the orbital time and mass fallback rate on black hole mass
and star mass are same for both the models MFR1 (section
2.1: equation 1) and MFR2 (section 2.2: equation 6). The
surface density and disc height evolve in a manner similar
to that shown for model MFR1 in Figs. 3 and 4 respec-
tively. The time evolution of disc mass for the various stellar
spins is shown in Fig. 11 and shows an identical evolution
with late-time given by Md ∝ t−1.05. We have also verified
this for stellar spin λ = ±0.2 but not included in the Fig.
11 as it overlaps with other curves. With an increase in λ,
the energy of the disrupted debris increases which results
in an increase in the mass fallback rate and thus the lu-
minosity. The bolometric luminosity for the various stellar
spin is shown in Fig. 12b and the bolometric luminosity in-
creases for prograde stellar spins (λ > 0) and decreases for
retrograde stellar spins (λ < 0). The bolometric luminosity
increases with an increase in the star mass and black hole
spin but decreases with an increase in the black hole mass
as can be seen from Fig. 13. This is similar to the results
we obtained for MFR1 (see section 4.1) and an explanation
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Figure 7. The time evolution of luminosity obtained for the mass
fallback model MFR1 (section 2.1) with variation in the black
hole mass M6 = M•/[106M] in (a), stellar mass m = M?/M in
(b), black hole spin j in (c) and circularization time tc in (d).
While changing one parameter, we have kept all other parame-
ters same that take the values of the parameter set MI given by
{M6, m, j } = {1, 1, 0.5}. The late time profile of luminosity is
given by L ∝ tn , where n for various cases have been shown in
Table 1. The time evolution of n is shown in Fig 8. The Eddington
luminosity is given by LE = 4piGM•c/κ, where κ is the opacity
due to Thomson scattering. See section 4.1 for details.
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Figure 8. The time evolution of n = d ln L/d ln t obtained for the
mass fallback MFR1 (section 2.1) with variation in the black hole
mass M6 = M•/[106M] in (a), stellar mass m = M?/M in (b),
black hole spin j in (c) and circularization time tc in (d). The
luminosity and the physical parameters corresponding to various
lines are given in the Fig. 7 and Table 1. The dashed black line
corresponds to the standard declining rate of n = −5/3. See section
4.1 for details.
MNRAS 000, i–xix (2020)
x Mageshwaran & Bhattacharyya
Model Varying parameter Values tc (tm) n Figure
MIa M6 1 8 -1.85
(Black hole mass 5 10 -1.84 Fig. 7a
M• = M6106M ) 10 11.5 -1.81
MIb m 1 8 -1.85
(Stellar mass 5 9 -1.87 Fig. 7b
M? = mM) 10 10 -1.87
MIc j 0 10 -1.83
(Black hole prograde 0.5 8 -1.85 Fig. 7c
spin) 0.8 9 -1.87
MId tc (tm) 7.5 -1.84
(Circularization time) 8 -1.85 Fig. 7d
9 -1.87
Table 1. The parameter set MI given by {M6, m, j } = {1, 1, 0.5}
for the mass fallback MFR1 (section 2.1) is used, and one param-
eter is varied to observe the variation in light curve (see Fig. 7).
The critical value of tc above which α < 1 is a function of black
hole mass and spin, and star mass (see Fig. 2). Thus, the value
of tc we have considered and shown in the fourth column varies.
In the model MId, we have shown the variation in the light curve
due to a variation in the initial time tc as the critical time cor-
responding to α = 1 for the parameter set MI is same. The late
time profile of luminosity is given by L ∝ tn . The time evolution
of n is shown in Fig. 8. The n shown in the fifth column is steady
value attained at the late time. See section 4.1 for details.
for the variation in luminosity with physical parameters is
discussed there. The luminosity increases reaching a peak
value and then decreases with a late time profile given by
L ∝ tn where n ∼ −1.75 as can be seen from Table 2. For the
luminosity shown in Fig 13, the time evolution of n is shown
in Fig 14. The late time luminosity decline is higher than
the standard t−5/3 evolution.
4.3 MFR3: partial disruption of a star
The mass fallback rate and its late time slope in case of
partial TDEs depends on the surviving core mass Mc (see
equation 7). The mass fallback rates for various values of
Mc are shown in Fig. 1 and an approximated late time
mass fallback rate is given by ÛMf ∝ t−9/4 (see section 2.3).
We name the prior parameter set to be MIII given by
{M6, m, j, Mc/M?} = {1, 1, 0.5, 0.5}. The evolution of
α with tc is shown in Fig. 15 and the critical time tcr cor-
responding to α = 1 increases with an increase in the core
mass. However, the increment in tcr with an increase in the
core mass is small. The increase in black hole mass and star
mass increases the critical time and thus delays the onset of
disc accretion. The surface density and disc height evolve in a
manner similar to that shown for model MFR1 in Figs. 3 and
4 respectively. The time evolution of disc mass is shown in
Fig. 16 and the disc mass at late time decreases as Md ∝ tp,
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Figure 9. The time evolution of luminosity in various spectral
bands is shown for the mass fallback MFR1 (section 4.1) and the
parameter set MI (section 2.1). (a) The optical bands are V (blue),
B (red) and U (green). (b) The UV bands are Swift UVM2 (blue)
and UVW2 (red). (c) The X-ray band is 0.2-2 keV. See section
4.1 for details.
where p ∼ −1.38 which is higher than the declining rate ob-
tained for full disruption TDEs (see sections 4.1 and 4.2).
This is because the mass fallback rate declines faster in case
of partial TDEs as compared to full disruption TDEs.
The increase in core mass results in a decrease in total
debris mass for accretion which results in a decrease in the
mass fallback rate (see Fig. 1). This results in a decrease in
the surface density and thus the effective temperature as can
be seen from Fig. 17. The late time decline in mean effec-
tive temperature is 〈Teff〉 ∝ t−0.57 and the power index varies
slightly with an increase in the core mass. The bolometric
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Model Varying parameter Values tc (tm) n Figure
Prograde Retrograde Prograde Retrograde
MIIa M6 1 6 6 -1.78 -1.78
(Black hole mass 5 6.8 6 -1.75 -1.73 Fig. 13a
M• = M6106M ) 10 7.2 6.5 -1.72 -1.71
MIIb m 1 6 6 -1.78 -1.78
(Stellar mass 5 6 5.3 -1.76 -1.74 Fig. 13b
M? = mM) 10 6.2 5.5 -1.74 -1.74
MIIc j 0 5.3 5 -1.74 -1.72
(Black hole prograde 0.5 6 6 -1.78 -1.78 Fig. 13c
spin) 0.8 5.4 5 -1.78 -1.78
Table 2. The parameter set MII given by {M6, m, j } = {1, 1, 0.5} for the mass fallback MFR2 (section 2.2) is used with stellar spin
fraction λ = ±0.1, and one parameter is varied to observe the variation in light curve (see Fig. 13). The critical value of tc above which
α < 1 is a function of black hole mass and spin, and star mass. Thus, the value of tc we have considered and shown in the fourth column
varies. The late time profile of luminosity is given by L ∝ tn . The time evolution of n is shown in Fig. 14. The n shown in the fifth column
is steady value attained at the late time. See section 4.2 for details.
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Figure 10. The evolution of α as a function of tc for the mass
fallback rate model MFR2 (section 2.2) and parameter set MII
given by {M6, m, j, } = {1, 1, 0.5}. The orbital period of in-
nermost bound debris for these λ using equation (6) is given
by tm = 40.8 days (λ = 0), 33.5 days (λ = 0.1), 28.1 days (λ =
0.2), 51.4 days (λ = −0.1), 67.3 days (λ = 0). The thin disc model
with an α−viscosity is valid only if α ≤ 1. See section 4.2 for more
details.
luminosity also decreases with an increase in the core mass
as can be seen from Fig. 18a due to a decrease in the debris
mass for accretion resulting in low mass fallback rate and
the declining rate of luminosity at late times increases with
an increase in the core mass (see Table 3). The bolometric
luminosity increases with an increase in the star mass and
black hole spin but decreases with an increase in the black
hole mass. The late time declining rate n shows insignificant
variations with the black hole mass and spin, and the star
mass (see Table 3); the late time luminosity can be approx-
imate to L ∝ t−2.3. For the luminosity shown in Fig. 18, the
time evolution of n is shown in Fig. 19. At late times, n goes
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Figure 11. The time evolution of the disc mass is
shown for the mass fallback MFR2 (section 2.2) and
the parameter set MII (section 4.2). The circularization
time taken for all the lines are tc (tm) = 6 where
tm = 33.5 days (λ = 0.1), 51.4 days (λ = −0.1) and 40.8 days (λ = 0).
All the curves are overlapping. The late time of disc mass is
Md ∝ tp where p = −1.05. See section 4.2 for details.
below the declining rate of mass fallback rate and this im-
plies that the luminosity at late times decline faster than
L ∝ t−9/4.
5 DISCUSSION
A TDE is a complicated phenomenon that includes the con-
sumption of stars through the stellar dynamical process, and
the formation and accretion of the disc. The formation of
an accretion disc involves stream-stream interactions that
result in an exchange of angular momentum for circulariza-
tion. Hayasaki et al. (2016) have shown through numerical
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Figure 12. The time evolution of the mean effective temperature
in (a) and the bolometric luminosity in (b) are shown for the
mass fallback model MFR2 (section 2.2) and the parameter set
MII (section 4.2). The circularization time taken for both (a) and
(b) is tc (tm) = 6. The late time evolution of mean temperature is
〈Teff 〉 ∝ t−0.43 and the bolometric luminosity L ∝ t−1.78. The peak
of luminosity increases for a prograde stellar spin and decreases
for a retrograde stellar spin. See section 4.2 for details.
simulations that a thin disc is formed if the debris during cir-
cularization is radiatively efficient else a thick disc is formed.
We assume the circularization to be radiatively efficient such
that the geometry of the formed seed disc is thin. To avoid
complexity in circularization timescale, we have considered
it to be a free parameter whose variation indeed affects the
disc evolution and luminosity. The increase in the circular-
ization time decreases the bolometric luminosity.
We obtain the vertically integrated mass and momen-
tum conservation equations in an equatorial plane and as-
suming a thin disc geometry H/R  1, we obtain the time
evolution of surface density in the disc. Balbus & Mummery
(2018) constructed a thin disc model where all the debris
has formed an accretion disc with a Gaussian density profile
that evolves via accretion and the outer radius evolves with
time. We include the mass fallback at the constant outer
radius that provides mass to the disc. We consider both the
full and partial disruption TDEs that have different time
evolution. The mass fallback rate is obtained assuming the
star is unperturbed until it reaches the pericenter where an
impulse of short duration breaks the star. In case of full dis-
ruption TDEs, the debris returns to the pericenter following
a Keplerian orbit with a mass fallback rate that at the late
time is given by ÛMf ∝ t−5/3. A star is tidally deformed be-
Model Varying parameter Values tc (yr) n Figure
MIIIa Mc/M? 0.1 0.5 -2.28
(Mass of the 0.3 0.5 -2.3 Fig. 18a
surviving core) 0.5 0.5 -2.32
0.8 0.6 -2.34
MIIIb M6 0.1 0.5 -2.3 Fig. 18b
(Black hole mass 5 1.4 -2.24 (blue, red and
M• = M6106M ) 10 2.2 -2.25 orange lines)
MIIIc m 0.1 0.5 -2.3 Fig. 18b
(Stellar mass 5 0.8 -2.3 (blue, purple and
M? = mM) 10 1 -2.33 green lines)
MIIId j 0 0.5 -2.3 Fig. 18b
(Black hole prograde 0.5 0.5 -2.3 (brown, blue and
spin) 0.8 0.5 -2.32 magenta lines)
Table 3. The parameter set MIII given by {M6, m, j } =
{1, 1, 0.5} for the mass fallback MFR3 (section 2.3) is used, and
one parameter is varied to observe the variation in light curve (see
Fig. 18). The critical value of tc above which α < 1 is a function of
black hole mass and spin, and star mass (see Fig. 15). Thus, the
value of tc we have considered and shown in the fourth column
varies. The late time profile of luminosity is given by L ∝ tn and
the time evolution of n is shown in Fig. 19. The n shown in the
fifth column is steady value attained at the late time. See section
4.3 for details.
fore reaching the pericenter which affects the stellar density
structure and thus the stellar density structure within the
star at the pericenter is different from the original polytrope.
Lodato et al. (2009) showed through numerical simulations
that the ratio dM/dEd evolves at early times after disruption
and settles to a distribution later which is wider than the
dM/dEd obtained through an impulse approximation (see
equation 3). Similar results are also seen in the numerical
simulations by Golightly et al. (2019) where they have in-
cluded the stellar spin. This results in a difference in the
mass fallback rate obtained via analytic and numerical cal-
culations at early times but the late time decline is nearly
same (Lodato et al. 2009; Golightly et al. 2019). Even though
this difference in the mass fallback rate can affect the ini-
tial disc luminosity, the late time luminosity decline will be
similar to that we have obtained using the analytic model
of mass fallback rate.
The mass fallback rate in case of partial TDEs depends
on the surviving core mass Mc and with an increase in Mc ,
the mass fallback rate decreases (see Fig 1). The mass fall-
back rate for TDEs with various penetration factor β = rt/rp
is simulated by (Guillochon & Ramirez-Ruiz 2013; Mainetti
et al. 2017) and a full disruption occur if β ≥ βd, where
βd ∼ 0.9 (Γ = 5/3) and 2.0 (Γ = 4/3), and Γ is the polytrope
index of star. For β < βd, they have showed that n∞ ( ÛM ∝ tn∞
at late times; see section 2.3) is smaller than −5/3 implying a
higher decline in the mass fallback rate. Thus, the pericenter
for partial TDEs can be higher than rt and (Guillochon &
Ramirez-Ruiz 2013) showed that for Γ = 5/3, n∞ = −2.2 for
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β ∼ 0.7. We use the simple approximated model of Coughlin
& Nixon (2019) in obtaining the mass fallback rate for our
calculation as it generates both rising and declining phases
of the mass fallback rate.
The viscosity constant α decreases with an increase in
the circularization time tc as can be seen from Figs. (2,
10, 15). The critical circularization time tcr corresponding
to α = 1 (see Figs. 2, 10 and 15) increases with black hole
mass and star mass. The increment is higher for the black
hole mass than the stellar mass. This implies a delay in the
onset of disc accretion with an increase in the black hole
mass and the star mass. The α ≤ 1 provides a constrain
on the circularization time of the disc and this constrain
is crucial as it provides a minimum time required to form
a valid and thermally stable thin accretion disc. The time
evolution of surface density in the disc for fallback model
MFR1 is shown in Fig. 3 which increases at the initial time
and then decreases as the mass fallback rate decreases with
time. Other mass fallback models (MFR2 and MFR3) also
results in a similar evolution. The addition of mass at the
outer radius increases the surface density at the lower ra-
dius but close to the disc inner radius, the density shows a
significant drop.
In equation (11), at inner radius which is taken to be
ISCO, we have x2 − 6x ± 8 j√x − 3 j2 = 0, that results in
the partial derivative of angular momentum at inner radius
∂`K/∂x = 0. The surface density evolution given by equa-
tion (8) have a solution at the inner radius if S¯Rφ = 0 or
(∂/∂x)[xS¯Rφ ] = 0. The first case (S¯Rφ = 0) corresponds to
a vanishing ISCO stress that implies surface density at in-
ner radius Σ = 0, and the second case (∂[xS¯Rφ ]/∂x = 0) is
for a finite ISCO stress that implies ∂Σ/∂x = 0. Balbus &
Mummery (2018) has constructed the thin disc model with-
out fallback for both the cases. However, the solution we
have obtained for a disc with fallback resulted in a vanishing
ISCO stress and the declining surface density implies that
any mass entering at the ISCO radius is accreted instanta-
neously. The surface density at the beginning is assumed to
be Gaussian and as the time progresses, the mass added to
the disc by infalling debris is transported inside which re-
sults in an increase in the surface density at lower radii. The
decrease in mass fallback rate results in a decrease in the
mass added to the disc and since the accretion is ongoing,
the disc mass decreases.
The time evolution of disc mass for the mass fallback
models MFR1, MFR2 and MFR3 is shown in Figs. (5, 11,
16) respectively. The late time evolution of disc mass follows
a power law given by Md ∝ tp, where p ∼ −1.05 for a full
disruption TDE (see Figs 5 and 11) and p ∼ −1.38 for a
partial disruption TDE with a core mass of Mc = 0.5M? (see
Fig 16). The mass fallback rate at late time declines faster
in partial TDEs ( ÛMf ∝ t−2.25) compared to full disruption
TDEs ( ÛMf ∝ t−5/3). Thus, an increase in the mass fallback
declining rate increases the declining rate of disc mass at
late times. The power index p decreases with an increase
in Mc implying a faster evolution but the variation in p is
small. If we assume the disc mass Md = Σ¯(t)dA, where Σ¯(t)
is the averaged surface density, the constant inner and outer
radii implies a constant disc area that results in Σ¯(t) ∝ Md.
For a full disruption TDE, Σ¯(t) ∝ t−1.05 and for a partial
TDE with Mc = 0.5M?, Σ¯(t) ∝ t−1.38. The surface density
due to mass fallback at the outer radius is Σc(t) ∝ ÛM3/5f (see
equation 25). At late times, Σc(t) ∝ t−1 for a full disruption
TDE and Σc(t) ∝ t−1.35 for a partial TDE. Thus, the late-
time evolution of the average disc density Σ¯(t) is close to the
evolution of surface density added by the infalling debris at
the outer radius.
The viscous stress converts the mechanical energy of
the fluid in heat that is emitted as radiation. The effective
temperature of the disc evolves with the surface density (see
above equation 28) and is shown in Fig. 6. The temperature
shows an initial rise due to an increase in the surface density
and later decreases as the disc surface density decreases.
The mean effective temperature at late times decreases as
〈Teff〉 ∝ t−0.43 for a full disruption TDE (see Figs. 6 and 12)
and 〈Teff〉 ∝ t−0.57 for a partial disruption TDE with a core
mass of Mc = 0.5M? (see Fig 17). The effective temperature
obtained using a steady thin disc accretion model is given by
T ∝ ÛM1/4
f
(Lodato & Rossi 2011) and decreases as T ∝ t−5/12
for a full disruption TDE ( ÛMf ∝ t−5/3) and T ∝ t−9/16 for
a partial disruption TDE ( ÛMf ∝ t−9/4). Thus, the late time
evolution of the relativistic thin disc mean temperature is
close to the temperature evolution in a steady thin disc. The
peak of effective temperature is 〈Teff〉peak ≈ few × 105 K.
The X-ray temperature obtained from a blackbody fit to the
X-ray observations of the source such as ASAS-SN 14li is
∼ 105 K (Holoien et al. 2016a), XMMSL1 J061927.1-655311
is ∼ 1.4×106 K (Saxton et al. 2014), Abell-1795 is ∼ 1.2×106 K
(Maksym et al. 2013) and NGC-3599 is ∼ 1.1×106 K (Esquej
et al. 2008). Thus, the peak of mean temperature we have
obtained is of the order of blackbody temperature expected
from the X-ray observations.
The blackbody fit to optical and UV observations shows
a temperature that is ten times smaller than the mean tem-
perature. We are calculating the emission from the disc only,
whereas the optical and UV emissions can also arise from
outflowing winds or the reprocessing of X-ray emission. The
presence of outflowing winds leads to a thick disc whose ef-
fective disc temperature may be smaller than the thin disc
due to low radiative efficiency. The observed emission in such
a disc is a sum of both disc and wind emissions leading to
a mean blackbody temperature different from the thin disc
(Strubbe & Quataert 2009; Shen & Matzner 2014). The X-
ray emissions from the disc can be reprocessed by either an
outflowing wind or the debris unbound at the moment of dis-
ruption. The reprocessing depends on the emission from the
centre, the velocity and the element compositions in the re-
processing layer which decides the optical depth (Guillochon
et al. 2014; Roth et al. 2016). This reprocessing of emissions
modifies the spectral luminosities and their evolution profiles
such as for ASAS-SN 15oi (Holoien et al. 2016b).
The relativistic thin disc accretion model without fall-
back by Mummery & Balbus (2019) has resulted in a bolo-
metric luminosity given by L ∝ t−1.14 which is close to
L ∝ t−1.2 obtained for non-relativistic discs (Cannizzo et al.
1990). However, we include the mass fallback rate at the
constant outer radius and the luminosity is affected by the
physical parameters {M6, m, j, λ, Mc}. The effect on the late
time evolution of luminosity (L ∝ tn) for variations in the
physical parameters is given in Tables (1, 2) for mass fallback
MFR1 and MFR2 (full disruption) and in Table 3 for mass
fallback MFR3 (partial disruption). The initial evolution of
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luminosity shows a variation with the physical parameters,
but the change in late time declining rate (given by n) is
small. The temporal evolution of n for mass fallback mod-
els MFR1, MFR2 and MFR3 are shown in Figs. (8, 14, 19)
respectively. The n can be approximate to −1.8 for full dis-
ruption TDEs and −2.3 for partial disruption TDEs. Mon-
tesinos Armijo & de Freitas Pacheco (2011) constructed a
time-dependent non-relativistic accretion model with a fall-
back at a constant outer radius and without any outflowing
wind; they showed that the bolometric luminosity at late
times decays as L ∝ t−5/3. The bolometric luminosity in
our model declines faster than the luminosity inferred from
L ∝ ÛMf .
The surface density at the initial time is assumed to be
Gaussian and the corresponding disc effective temperature
increases inward as can be seen from Fig 6 (blue line). As
the disc evolves, the surface density close to the inner radius
drops in a short duration (see paragraph 5 in section 5)
which results in a decrease in the disc temperature close to
the inner radius. In the luminosity figures for all the models,
we can notice a short duration decline in the luminosity at
initial times. This is because of the short duration decline
in the temperature close to the inner radius during initial
times that results in a decrease in the peak temperature.
This results in a decline in the luminosity. With time, the
mass from the outer radius is transported inward resulting in
an increase in the surface density and thus the temperature
reaching a maximum value and then decline with time. This
results in a rise and decline in the luminosity evolution.
The luminosity ratio L/LE increases with an increase
in the star mass and black hole spin, but decreases with
an increase in the black hole mass. The luminosity exceeds
the Eddington luminosity for low mass black holes and thus
the disc is super-Eddington. The super-Eddington discs have
strong radiation pressure that thickens the disc but we have
H/R  1 at all times (see Fig. 4). This is because we are
not taking the advection which is crucial for the super-
Eddington discs. The luminosity ratio reduces with an in-
crease in the circularization time. Thus, a delay in the onset
of accretion reduces the luminosity but increases the rise
time of luminosity (see Fig. 7d). We have assumed the mass
accretion rate at the outer radius to be equal to the mass
fallback rate and derived the surface density at the outer
radius given by Σc(t) ∝ ÛM3/5f . The super-Eddington disc re-
sults in an outflowing wind that carries mass and angular
momentum which in result affects the radial velocity. The
radial velocity in the super-Eddington disc is comparable to
the azimuthal velocity and an increase in the radial veloc-
ity results in a decrease in the surface density at the outer
radius if the mass accretion rate is equal to the mass fall-
back rate. Then, the time evolution of surface density at
the outer radius depends on the mass accretion and outflow
rates. We have taken the angular momentum of a circular
orbit in our calculations which results in a vanishing ISCO
stress (see paragraph 5 in section 5). The angular momen-
tum in a super-Eddington disc can deviate from the circular
orbit momentum and the deviation increases with an in-
crease in the mass accretion rate (S ↪adowski 2009). This can
result in a disc evolution with non-vanishing ISCO stress.
To study these effects, it is crucial to include the advection
and outflow in the energy, mass and momentum conservation
equations. Such a disc will resemble the advection dominated
inflow-outflow (ADIO) disc whose stability depends on the
Bernoulli function (Blandford & Begelman 1999). Our accre-
tion model neither includes the advection nor the outflowing
wind and does not resemble an ADIO accretion flow. We
will simulate an ADIO disc for TDEs in future. However,
our model fit to the observations will yield the expected
physical parameters such as black hole mass and spin, star
mass and the circularization time. This fit will also be useful
in predicting the late time evolution of the luminosity. Our
model is directly applicable to higher mass black holes and
low mass stars.
A hyperaccretion model for TDEs where the disc is
highly super-Eddington is constructed by Coughlin & Begel-
man (2014), where the accretion flow is taken to be a ZEro-
BeRnoulli Accretion (ZEBRA) flow. This results in a highly
inflated envelope which is marginally bound and any ex-
cess energy added will start unbinding material. The highly
critical accretion close to the inner radius results in bipolar
jets that carry away excess energy. Using a realistic mass
fallback rate obtained through numerical simulations in ZE-
BRA model, Wu et al. (2018) calculated the jet luminosity
which declines as t−5/3 at late times. The relativistic simula-
tion for TDEs without fallback by Curd & Narayan (2019)
showed that the super-Eddington disc launch a radiation-
driven outflow with a radiative efficiency ηr . 0.01. In case
of a high spin rotating black hole with a weak magnetic field,
a non-relativistic jet is launched and for a high magnetic
field, the jets are relativistic.
We consider the disc to be a thin disc dominated by
gas pressure at all times and we can see from Figs. 7b (blue
line) and 4 that even though the disc luminosity is super-
Eddington, the low height to radius ratio implies a thin
disc structure. The time-dependent ZEBRA model is gov-
erned by the global conservation of mass and angular mo-
mentum (Coughlin & Begelman 2014), whereas we consider
the mass and momentum conservations locally and derived
the time evolution of surface density. The mass enclosed in
the ZEBRA envelope increases with time and the jet lumi-
nosity given by Lj ∝ ÛMacc decreases with a decrease in the
mass accretion rate. In our accretion model, the mass of the
disc increases initially and decreases later following a power
law given by Md ∝ tp, where p is −1.05 for full disruption
TDEs and −1.38 for partial disruption TDEs. Both ZEBRA
and our model shows the decrease in luminosity ratio L/LE
with an increase in the black hole mass. The ratio L/LE is
smaller in our model compared to the ZEBRA model for
the same black hole and star masses. In ZEBRA model, the
disc is super-Eddington for 107M black hole, whereas, in
our model, the disc is sub-Eddington (see Fig. 7a). This
is because the critical circularization time corresponding to
viscosity constant α = 1 increases with an increase in the
black hole mass (see Fig. 2) resulting in a delay in the on-
set of accretion. This delay in the initial time results in a
decrease in the disc luminosity but an increase in the ris-
ing duration (see Fig. 7d). The late time luminosity in our
model shows a faster decline than the luminosity obtained
using L ∝ ÛMf . Based on the luminosity, the two models can
be distinguished by the peak bolometric luminosity, the du-
ration of the rising phase and the late time decline in the
luminosity which is slightly higher in our model (see Figs.
8, 14 and 19).
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We have also computed the luminosity in various spec-
tral bands assuming a blackbody disc emission and the op-
tical and UV luminosity shows a slow evolution compared
to the X-rays. However, some TDEs show spectral evolution
that varies from the blackbody emission and could be at-
tributed to various other mechanisms such as non-thermal
emissions, reprocessing and winds. Our accretion model is
good for TDEs where the non-thermal emission or other
non-disc processes are absent and the light curves are from
disc emissions. We can fit our model to the observed light
curves to extract the physical parameters. Here, we have not
considered in deep a relativistic radiative transfer model for
the spectral emissions and will be taken up later. However,
this simple emission model considered here is good enough
as most of the equatorial disc assumed are in the Newto-
nian region and the relativistic effects dominate close to the
ISCO radius.
6 SUMMARY AND CONCLUSIONS
We have developed a time-dependent relativistic accretion
model in an equatorial plane with the pressure dominated
by gas pressure and a mass fallback at the constant outer
radius. We studied the accretion dynamics for both full and
partial disruption TDEs. The earlier relativistic accretion
models for TDEs does not include the mass fallback. We
have derived an explicit form for the vertical height of the
disc in terms of the angular momentum and the radial ve-
locity (see equation A46), that reduce to the non-relativistic
result of thin disc (Frank et al. 2002) for j = 0 and R  3Rg
(see below equation 12). We have considered the disc struc-
ture to be thin and is satisfied by our accretion model (see
Fig. 4).
Our time-dependent accretion model results in a van-
ishing ISCO stress and any mass entering the ISCO is im-
mediately accreted by the black hole resulting in a decline
in the surface density close to the inner radius. The disc
mass initially grows and then decreases with a late time
evolution given by Md ∝ t−1.05 for full disruption TDEs and
Md ∝ t−1.38 for partial TDEs. The late time evolution of av-
erage disc surface density closely resemble the time evolution
of surface density at the outer radius.
The effective temperature of the disc shows an evolu-
tion similar to the surface density which increases initially
and follows a gradual decline later. The peak temperature at
any time lies close to the inner radius implying high energy
emissions dominate near the inner radius. The mean effec-
tive temperature is of the order of 105 K which is expected
and observed from the X-ray observations of the TDEs. The
mean effective temperature shows a power decline at late
times given by 〈Teff〉 ∝ t−0.43 for full disruption TDEs and
〈Teff〉 ∝ t−0.57 for partial TDEs, which is close to T ∝ ÛM1/4f
obtained for a steady structured thin disc model with accre-
tion rate equal to the mass fallback rate (Lodato & Rossi
2011).
The bolometric luminosity shows an initial rise and then
decreases with time following a power-law decline at late
times given by L ∝ tn. The obtained values of n for various
physical parameters is n ∼ −1.8 for full disruption TDEs and
n ∼ −2.3 for partial TDEs. The late time luminosity decline
is higher than the luminosity obtained assuming L ∝ ÛMf .
The time evolution of n for full and partial disruption TDEs
are shown in Figs. 8 (model MFR1), 14 (model MFR2) and
19 (model MFR3). The bolometric luminosity increases with
an increase in stellar mass M? but decreases with an increase
in the black hole mass. The black hole spin j reduces the in-
ner radius of the disc, and the luminosity increases with j.
The prograde stellar spin increases the luminosity, whereas
the retrograde stellar spin decreases the bolometric lumi-
nosity. In case of partial TDEs, the bolometric luminosity
decreases with an increase in the core mass. The increase in
core mass also results in a faster decline in the bolometric lu-
minosity. Our spectral emissions are from the disc only as we
have assumed the disc to be blackbody and thus can be ap-
plied to the observations where the spectral emissions show a
gradual decline with time. Our model is useful in extracting
the physical parameters such as black hole mass and spin,
stellar mass and the circularization time from observations.
Our model is also useful in obtaining the emission from the
central relativistic disc to study the effect in reprocessing
dynamics due to the mass fallback rate.
We have used an impulse approximation in calculating
the mass fallback rate for our accretion model. In reality, the
star is deformed before reaching the pericenter that changes
the density structure within the star. This affects the mass
fallback rate at initial times (see paragraph 2 in section 5).
Wu et al. (2018) applied the mass fallback rate from the
numerical simulation in their super-Eddington disc model
ZEBRA. We will apply the realistic mass fallback rate ob-
tain through numerical simulations for both partial and full
disruption TDEs in future. The difference in the mass fall-
back rate obtained through simulation and analytic model is
higher at the initial time but the late time evolution follows
a similar decline. Thus, the late time decline in disc lumi-
nosity will be same for both numerical and analytic mass
fallback (see Fig. 7 in Wu et al. 2018).
The relativistic accretion disc we have constructed here
is equatorial where the relativistic effects are close to the
inner radius only. We have included the mass fallback rate
at the outer radius derived from the Newtonian dynamics
and neglected the deep TDE encounters. We will study the
effect of the relativistic mass fallback rate on the disc evo-
lution in the future. Since our disc is equatorial, it lacks the
relativistic precession effects that may impact the accretion
dynamics and the emission. Zanazzi & Lai (2019) have stud-
ied the effect of fallback on an inclined disc that is assumed
to have a disc with a steady-state accretion rate. The rel-
ativistic precession on a time-dependent inclined disc with
fallback may affect the emission light curves and result in
a time lag in spectral band emissions due to difference in
precession at various radii.
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APPENDIX A: DERIVATION OF BASIC
EQUATIONS
We transform the Kerr metric in Boyer-Lindquist coordi-
nate {t, r, θ, φ} to cylindrical coordinate {t, R, φ, z}, using
R = r sin θ and z = r cos θ. The space-time metric in the ge-
ometrical units (c = G = 1) with the signature (− + ++), is
given by
dS2 = −
[
1 − 2M(R
2 + z2)3/2
(R2 + z2)2 + a2z2
]
dt2 − 4MaR
2
√
R2 + z2
(R2 + z2)2 + a2z2 dtdφ
+
(R2 + z2)2 + a2z2
(R2 + z2)2
[
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√
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+
z2
R2 + z2
]
dR2+
(R2 + z2)2 + a2z2
(R2 + z2)2
[
z2
R2 + z2 − 2M
√
R2 + z2 + a2
+
R2
R2 + z2
]
dz2+
2Rz[(R2 + z2)2 + a2z2]
(R2 + z2)2
[
1
R2 + z2 − 2M
√
R2 + z2 + a2
− 1
R2 + z2
]
dRdz+
R2
R2 + z2
[
R2 + z2 + a2 +
2MaR2
√
R2 + z2
(R2 + z2)2 + a2z2
]
dφ2. (A1)
In the limit of thin disc z  R, the metric tensors are
given by
gtt = −1 + 2MR −
M(2a2 + R2)z2
R5
, (A2)
gtR = gRt = 0, (A3)
gtφ = gφt = −2MaR +
M(2a3 + 3aR2)z2
R5
, (A4)
gtz = gzt = 0, (A5)
gRR =
R2
R2 − 2MR + a2 +
[2a4 + 3a2(R2 − 2MR) + M(4MR2 − 3R3)]z2
R2(R2 − 2MR + a2)2 ,(A6)
gRφ = gφR = 0, (A7)
gRz = gzR = 2
(
−1 + R
2
R2 − 2MR + a2
)
z
r
, (A8)
gφφ =
R4 + a2R2 + 2Ma2R
R2
−
a2(R4 + MR(2a2 + 5R2))z2
R6
, (A9)
gφz = gzφ = 0, (A10)
gzz = 1 +
[
a2 − R2
R2
+
R2
R2 − 2MR + a2
]
z2
R2
, (A11)
which is the same as the metric tensor given in Zhuravlev
(2015). At the equatorial plane (z = 0), the space-time metric
reduces to
dS2 = −
(
R − 2M
R
)
dt2 − 4Ma
R
dtdφ +
R2
∆
dR2 +
A
R2
dφ2 + dz2,
(A12)
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where ∆ = R2 − 2MR + a2 and A = R4 + a2R2 + 2Ma2R. The
stress-energy tensor is given by (Misner et al. 1973)
Tαβ = ρuαuβ + Phαβ + Sαβ + ταβ, (A13)
ρ is the density, uα is the contravariant components of four
velocity, P is the total pressure (sum of radiation and gas
pressure), Sαβ is the viscous stress tensor, hαβ = gαβ + uαuβ
is the projection tensor and ταβ = qαuβ + uαqβ with radia-
tive energy flux qα. The total energy density of the fluid
is given by ε = ρc2 + Π, where Π is the internal energy.
Following Abramowicz et al. (1996), in non-relativistic ap-
proximations, Π  ρc2 and the pressure P  ρc2, such that
the stress-energy tensor reduces to
Tαβ = ρuαuβ + Pgαβ + Sαβ + ταβ . (A14)
In Boyer-Lindquist coordinates using orthonormal
tetrad in the local non-rotating frame (LNRF) (Bardeen
et al. 1972), the contravariant components of four velocities
are given by (Xue et al. 2011)
ut =
γLA1/2
r∆1/2
, (A15)
ur =
V√
1 − V2
∆1/2
r
, (A16)
uφ =
r2L
A
+ γLω
A1/2
r∆1/2
, (A17)
uθ =
γL
r
U cos θ, (A18)
where A and ∆ are same as defined earlier with r replacing R,
γL is the Lorentz factor in LNRF near the equatorial plane,
ω = 2Mar/A, V is the radial velocity in the co-rotating frame,
U is the vertical velocity and L is the angular momentum
per unit mass. The Lorentz factor near the equatorial plane
is given by
γ2L =
1
1 − V2 +
r2L2
A
. (A19)
By using a coordinate transformation, the four velocities in
cylindrical coordinate near the equatorial plane is given by
ut =
γLA1/2
R∆1/2
, (A20)
uR =
V√
1 − V2
∆1/2
R
, (A21)
uφ =
R2L
A
+ γLω
A1/2
R∆1/2
, (A22)
uz =
z
R
V√
1 − V2
∆1/2
R
− γLUz
R
, (A23)
where r2 = R2 + z2 ' R2 near the equatorial plane. For a
thin disc z  R and assuming there is no significant vertical
flow such that U ' 0, we have uz ' 0. The covariant four
velocities near the equatorial plane are then given by
ut = −γLR∆
1/2
A1/2
− ωL, (A24)
uR =
R
∆1/2
V√
1 − V2
, (A25)
uφ = L, (A26)
uz = 0. (A27)
In the upcoming sections, we will derive the mass and
momentum conservation equations in an equatorial plane
using the four velocity given by equations( A20, A21, A22,
A23, A24, A25, A26, A27).
A1 Mass conservation
The mass conservation is given by
(ρui);i = 0, (A28)
and after the vertical integration, it reduces to
∂
∂t
(Σut ) + 1
R
∂
∂R
(RΣuR) = 0. (A29)
A2 Radial conservation equation
The radial momentum conservation is given by
T iR;R = 0. (A30)
For a fluid where the internal energy and the pressure
are less than the rest mass energy density of the fluid, P 
ρc2, equation (A30) using four velocity results in
γLA1/2
R2(1 − V2)3/2
∂V
∂t
+
V
(1 − V2)2
∆
R2
∂V
∂R
+
V2
1 − V2
∆
R2
1
ρ
∂P
∂R
+
K(L, R) = 0, (A31)
where
K(L, R) = γ
2
LMA
R6
(Ω −Ω+K )(Ω −Ω−K )
Ω+
K
Ω−
K
, (A32)
Ω =
uφ
ut
= ω +
R3∆1/2L
γLA3/2
, (A33)
Ω±K = ±
M1/2
R3/2 ± aM1/2 . (A34)
Ω±K is the angular velocity of a circular orbit where the pos-
itive sign is for prograde orbits and negative sign for retro-
grade orbits.
A3 Angular momentum conservation
The angular momentum conservation is given by(
T ikξ
k
)
;i
= 0, (A35)
where ξk ≡ δk(φ) is the azimuthal Killing vector. By solving
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equation (A35), using four velocity and after vertical inte-
gration, we obtain
Σ
[
γLA1/2
R∆1/2
∂L
∂t
+
V√
1 − V2
∆1/2
R
∂L
∂R
]
+
1
R
∂
∂R
(RS¯Rφ ) = 0, (A36)
where S¯Rφ is the vertically integrated viscous stress. The vis-
cous stress tensor is given by Sα
β
= −2ησα
β
, where σα
β
=
gαiσiβ , and σiβ is given by
σiβ =
1
2
[
∂ui
∂xβ
+
∂uβ
∂xi
− 2Γλiβuλ + uν
(
uiuβ
)
;ν
]
−1
3
uν;ν
[
giβ + uiuβ
]
,
(A37)
where x represent coordinates and Γ is the Christoffel sym-
bol. We assume that the viscous stress is dominated along
{R, φ} direction and by solving equation (A37), we obtain
σRφ =
1
2
∆1/2A3/2γ3
L
R5
∂Ω
∂R
+
V
√
1 − V2γ4LA2
2R5∆1/2
∂Ω
∂t
+
1
2
∆
R2
[
γLA1/2
∆
1 + V2
(1 − V2)3/2L
∂V
∂t
+
2VL
(1 − V2)2
∂V
∂R
+
V2
1 − V2 ·{
2γLaM(a2 + 3R2)
R∆1/2A1/2
+ 2(R3 − a3M)L
A
}]
− 1
2
V√
1 − V2
L
[
∂V
∂t
·{
A1/2
R2γL
V
(1 − V2)2 +
VL2
γLA1/2(1 − V2)
}
+
γ2LLA
R3∆1/2
(1 − V2) ∂Ω
∂t
+
∆
R2
1
(1 − V2)3/2
∂V
∂R
+
V√
1 − V2
R − M
R2
]
. (A38)
For a subsonic flow such that angular velocity is smaller
than the sound speed ∼ √P/ρ, and assuming the radial flow
and its evolution to be small and weak, the first term on
the RHS of equation (A38) dominates. Thus, we neglect the
other terms and consider σRφ given by
σRφ =
1
2
∆1/2A3/2γ3
L
R5
∂Ω
∂R
. (A39)
The dynamic viscosity η = νρ, where ν is the kinetic viscos-
ity. The viscous stress is then given by SRφ = −2νρσRφ , and
after vertical integration, it is given by
S¯Rφ = −νΣ
∆1/2A3/2γ3
L
R5
∂Ω
∂R
, (A40)
which is the same as the viscous stress obtained by Lasota
(1994) in Boyer-Lindquist coordinates for a thin disc.
A4 Height of the disc
To calculate the half-thickness of the disc H, we solved the
vertical momentum equation given by
(
T iz
)
;i
= 0. (A41)
Using the four velocity and restricting to first order in z/R,
we get
γ2L
∆A
z
R7
Λ1 +
2γLL
∆1/2A3/2
z
R4
Λ2 +
L2
A2
z
R
Λ3 +
1
ρ
∂P
∂z
= 0, (A42)
where
Λ1 = MA
2[4a2 + R(R − 4M)] − 4M2a2RA[4a2 + R(3R − 4M)] +
4M2a2R2[4a4M + 4MR4 − a2R(4M2 − 5MR + R2)], (A43)
Λ2 = −aMA[4a2 + R(3R − 4M)] + 2MaR[4a4M + 4MR4 −
a2R(4M2 − 5MR + R2)], (A44)
Λ3 = 4a4M + 4MR4 − a2R(4M2 − 5MR + R2). (A45)
Following the vertical integration of equation (A42), the
height of the disc is given by
(
H
R
)2
=
P
ρ
1
R2
[
γ2L
∆A
Λ1
R7
+
2γLL
∆1/2A3/2
Λ2
R4
+
L2
A2
Λ3
R
]−1
. (A46)
A5 Conservation equations in dimensionless form
Now, we write the conservation equations in dimensionless
form. The dimensionless quantities are
x =
R
Rg
, j =
a
M
, and ` =
L
GM•/c . (A47)
In terms of above variables, we obtain A = R4gAk where Ak =
x4 + x2 j2 + 2x j2, ∆ = R2g∆k where ∆k = x2 − 2x + j2, Ω =
[GM•/(cR2g)]ω1(x, j, V, `) where
ω1(x, j, V, `) = 2 j xAk
+
x3∆1/2
k
A3/2
k
`
γL
, (A48)
γ2L =
1
1 − V2 +
x2`2
Ak
. (A49)
The dimensionless angular velocity of a circular orbit
using equation (A34) is given by
ω±K = ±
1
x3/2 ± j . (A50)
The mass, radial and azimuthal conservations given by
equations (A29, A31, A36) in terms of dimensionless vari-
ables are given by
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∂Σ
∂t
= − Σ
γ2
L
[
V
(1 − V2)2
∂V
∂t
+
x2
Ak
`
∂`
∂t
]
− c
Rg
∆
1/2
k
A1/2
k
1
γL
·
∂
∂x
(
∆
1/2
k
Σ
V√
1 − V2
)
, (A51)
∂V
∂t
= − c
Rg
V√
1 − V2
∆k
γLA
1/2
k
∂V
∂x
− 1
Rgc
∆k (1 − V2)3/2
γLA
1/2
k
1
ρ
∂P
∂x
+
Rg
c
(
GM•
cR2g
)2
γL(1 − V2)3/2
A1/2
k
x4
·
(x3 − j2)(ω1 − ω+K )(ω1 − ω−K ) (A52)
∂`
∂t
= − c
Rg
V√
1 − V2
∆k
A1/2
k
γL
∂`
∂x
− c
GM•Rg
∆
1/2
k
A1/2
k
γL
·
1
Σ
∂
∂x
(
xS¯Rφ
)
, (A53)
where S¯Rφ given by equation (A40) in dimensionless form is
S¯Rφ = −Rg
(
GM•
cR2g
)
νΣ
∆
1/2
k
A3/2
k
γ3
L
x5
∂ω1
∂x
. (A54)
The height of the disc given by equation (A46) reduces
to
H =
(
Rg
c
)2 2P
Σ
χ−11 , (A55)
where χ1 is given by
χ1 =
γ2L
∆kAk
λ1
x7
+
2γL`
∆
1/2
k
A3/2
k
λ2
x4
+
`2λ3
xA2
k
, (A56)
and λ1, λ2 and λ3 are the dimensionless form of equations
(A43, A44, A45) given by
λ1 = A
2
k [4 j2 + x(x − 4)] − 4 j2xAk [4 j2 + x(3x − 4)] +
4x2 j2[4 j4 + 4x4 − j2x(4 − 5x + x2)], (A57)
λ2 = − j Ak [4 j2 + x(3x − 4)] + 2 j x[4 j4 + 4x4 −
j2x(4 − 5x + x2)], (A58)
λ3 = 4 j4 + 4x4 − j2x(4 − 5x + x2). (A59)
In solving the vertical momentum equation, we have
restricted to first order in z/R which is generally applied to
a thin disc theory. In such a disc, the thermal pressure is
smaller than the rotational energy term and is neglected.
Assuming the angular momentum in the disc is equal to the
angular momentum of circular orbit `K given by (Bardeen
et al. 1972)
`K = ± x
2 ∓ 2 j√x + j2
x3/4(x3/2 − 3√x ± 2 j)1/2 , (A60)
where the upper sign is for the prograde orbits and the lower
sign represent the retrograde orbits, the equation (A53) re-
sults in
ΣV
√
∆k = −
1
GM•
(
∂`K
∂x
)−1 ∂
∂x
(
xS¯Rφ
)
. (A61)
Substituting this in the mass conservation equation (A51),
we get
∂Σ
∂t
=
c
GM•Rg
∆
1/2
k
A1/2
k
1
γL
∂
∂x
[(
∂`K
∂x
)−1 ∂
∂x
(
xS¯Rφ
)]
, (A62)
which has a form of the diffusion equation.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure 13. The time evolution of luminosity obtained for the
mass fallback model MFR2 (section 2.2) with variation in the
black hole mass M6 = M•/[106M] in (a), stellar mass m =
M?/M in (b), and black hole spin j in (c). While changing one
parameter, we have kept all other parameters same that take the
values of parameter set MII given by {M6, m, j } = {1, 1, 0.5}
and stellar spin fraction λ = ±0.1. The solid lines correspond to a
retrograde stellar spin (λ = −0.1) and the dashed lines correspond
to a prograde stellar spin (λ = −0.1). The late time profile of lu-
minosity is given by L ∝ tn , where n at late time for various cases
have been shown in Table 2. The time evolution of n is shown in
Fig. 14. The Eddington luminosity is given by LE = 4piGM•c/κ,
where κ is the opacity due to Thomson scattering. See section 4.2
for details.
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Figure 14. The time evolution of n = d ln L/d ln t obtained
for the mass fallback model MFR2 (section 2.2) with variation
in the black hole mass M6 = M•/[106M] in (a), stellar mass
m = M?/M in (b), and black hole spin j in (c). The solid lines
are for a retrograde stellar spin and the dashed lines correspond
to a prograde stellar spin. The blue and blue dashed lines in (a)
and (b) are overlapping as the corresponding luminosity shows
identical time evolution. The luminosity and the physical param-
eters corresponding to various lines are given in the Fig. 13 and
Table 2. The dashed black line corresponds to standard declining
rate of n = −5/3. See section 4.2 for details.
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Figure 15. The evolution of α as a function of tc for the mass fallback rate model MFR3 (section 2.3) obtained for partial TDEs. In
left plot, we have taken the parameter set MIII given by {M6, m, j, } = {1, 1, 0.5} and various values of core mass Mc in terms of star
mass. In right plot, the value of core mass is Mc = 0.5M? and the black hole spin is j = 0.5. The thin disc model with an α−viscosity is
valid only if α ≤ 1. See section 4.3 for more details.
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Figure 16. The time evolution of the disc mass is shown for the mass fallback model MFR3 (section 2.3) that is obtained for
partial TDEs. (Left) The parameter set is taken to be MIII (section 4.3) and the circularization time taken for various lines are
tc = 0.5 yr (blue), 0.5 yr (red), 0.5 yr (orange) and 0.6 yr (purple). The late time of disc mass is Md ∝ tp where p = − 1.37 (blue), −
1.37 (red), − 1.38 (orange) and − 1.39 (purple). (Right) The core mass is take to be Mc = 0.5M? and the circularization time taken for
various lines are tc = 0.5 yr (blue), 1.4 yr (red), 2.2 yr (orange), 0.8 yr (purple), 1 yr (magenta), 0.5 yr (brown) and 0.5 yr (black). The critical time
corresponding to α = 1 varies with black hole mass and star mass as can be seen from Fig 15 and thus we have taken the circularization
time to have α < 1. The late time decline denoted by p for various curves are p = − 1.38 (blue), − 1.37 (red), − 1.35 (orange), −
1.39 (purple), − 1.37 (magenta), − 1.37 (brown) and − 1.37 (black). See section 4.3 for details.
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Figure 17. The time evolution of mean effective temperature
for the mass fallback rate given in MFR3 (section 2.3) obtained
for partial TDEs and the parameter set MIII (section 4.3) with
various values for core mass. The circularization time is same as
that shown in Fig 16. The late time evolution of mean temper-
ature is 〈Teff 〉 ∝ tp1 where p1 = −0.56 (blue), − 0.56 (red), −
0.57 (orange) and − 0.58 (purple). See section 4.3 for details.
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Figure 18. The time evolution of luminosity obtained for the
mass fallback MFR3 (section 2.3) corresponding to partial TDEs.
(a) The parameter set is taken to be MIII (section 4.3) and the
circularization time taken is shown in the legend. (b) The core
mass is taken to be Mc = 0.5M?. The late time profile of lumi-
nosity is given by L ∝ tn , where n for various parameters have
been shown in Table 3. The Eddington luminosity is given by
LE = 4piGM•c/κ, where κ is the opacity due to Thomson scatter-
ing. See section 4.3 for details.
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Figure 19. The time evolution of n = d ln L/d ln t obtained for
the mass fallback MFR3 (section 2.3) corresponding to partial
TDEs. (a) The parameter set is taken to be MIII (section 4.3)
and the circularization time taken is shown in the legend of Fig.
18. The orange and purple lines are very close. (b) The core mass
is taken to be Mc = 0.5M?. The black dashed line corresponds
to n = −9/4 (see section 2.3). The luminosity and the physical
parameters corresponding to various lines are given in the Fig. 18
and Table 3.
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